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Abstract 

In this paper, we study further properties of almost and n-almost gr-prime 
ideals in a graded ring R. In particular, we investigate some conditions under 
which a graded ideal is almost gr-prime. Finally, we give a characterization for 
graded rings in which every proper graded ideal is almost gr-prime. 

 1. Introduction 

Throughout our work on almost graded prime ideals which has yet to 
appear, we develop the theory of almost graded prime ideals and n-almost 
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graded prime ideals, and, then we extend some basic results about almost 
and n-almost prime ideals to the graded case. In this paper we study 
further properties of almost and n-almost graded prime ideals in a 
graded ring R. 

Let R be a commutative ring and let G be an abelian group. Then R is 
called a G-graded ring if there exists a family { }GgRg ∈:  of additive 

subgroups of R such that gGg
RR

∈
⊕=  and ghhg RRR ⊆  for each g and h 

in G. Let ( ) .g
Gg

RRh ∪
∈

=  Then any element of R belongs to ( )Rh  is called 

homogeneous.. Moreover, if gRx ∈  for some ,Gg ∈  then we say that x 

is of degree g. An ideal I of a graded ring R is called graded if 
( ) .gGggGg

IRII
∈∈
⊕=⊕= ∩  Equivalently, I is graded in R if and only if I 

has a homogeneous set of generators. If R and R′  are two G-graded 
rings, then a mapping RR ′→η :  with ( ) RR ′=η 11  is called a gr-
homomorphism if it is a ring homomorphism such that ( ) gg RR ′⊆η  for 

all .Gg ∈  Let gGg
RR

∈
⊕=  be a G-graded ring and let I be a graded ideal 

of R. Then the Quotient ring IR  is also a G-graded ring. Indeed, 
( ) ,gGg

IRIR
∈
⊕=  where ( ) { }.: gg RxIxIR ∈+=  Also, if 1R  and 

2R  are -1G graded and -2G graded rings respictively, then 21 RR ×  is 
-21 GG × graded with 

( )( ) {( ) },and:, 21,21 hhgghghg RbRabaRR ∈∈=×  

for ( ) ., 21 GGhg ×∈  Moreover, a G-graded ring R is called gr-
decomposable if 21 RRR ×=  for some non trivial G-graded rings 1R  and 

.2R  Otherwise, R is called gr-indecomposable.. 

Let R be a graded ring and let ( )RhS ⊆  be a multiplicatively closed 

subset of R. Then the ring of fractions RS 1−  is a graded ring which is 

called the gr-ring of fractions. Indeed, ( ) ,11
gGg

RSRS −
∈

− ⊕=  where 

( ) { ( ) ( ) ( )}.degrdegsand,: 11 −− =∈∈= gSsRhrs
rRS g  
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Let RSR 1: −→η  be a ring gr-homomorphism defined by ( ) .1
rr =η  

Then for any graded ideal I of R, the graded ideal of RS 1−  generated by 

( )Iη  is denoted by .1IS−  Similar to non graded case one can prove that 

{ },andfor:11 SsIrs
rRSIS ∈∈=λ∈λ= −−  

and that RSIS 11 −− ≠  if and only if .φ=IS ∩  

If J  is a graded ideal in ,1RS−  then R∩J  will denotes the graded 

ideal ( )J1−η  of R. Moreover, one can prove that 

{ ( ) }.somefor:1 SsIxsRhxRIS ∈∈∈=− ∩  

A graded ideal P of a graded ring R is called gr-prime if whenever ∈yx,  

( )Rh  with ,Pxy ∈  then Px ∈  or .Py ∈  If a graded ideal M of R is 

maximal in the lattice of graded ideals of R, then M is called gr-maximal 

in R and the set of all gr-maximal ideals of R is denoted by ( ).RJ g  By 

using Zorn’s Lemma, one can see that if R is a non trivial graded ring, 
then it contains at least one gr-maximal ideal. A graded ring with unique 
gr-maximal ideal is called a gr-local ring. Following [1], a graded ideal P 
of a graded ring R is called weakly gr-prime if whenever ( )Rhyx ∈,  

with { },0−∈ Pxy  then Px ∈  or .Py ∈  As a generalization of weakly 

gr-prime ideals, almost gr-prime ideals and n-almost gr-prime ideals 
have been defined in [3] where .N∈n  Indeed, a graded ideal P of a 

graded ring R is called n-almost gr-prime if whenever ,nPPxy −∈  then 
Px ∈  or ,Py ∈  where ( )., Rhyx ∈  In particular, the almost gr-prime 

ideals are just the 2-almost gr-prime ideals. 

Let P be any gr-prime ideal of a graded ring R and consider the 
multiplicatively closed subset ( ) .PRhS −=  We denote the graded ring 

of fraction RS 1−  of R by g
PR  and we call it the gr-localization of R. This 

ring is gr-local with the unique gr-maximal PS 1−  which will be denoted 
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by .g
PPR  Moreover, for graded ideals I and J of R, if g

P
g
P JRIR =  for 

every gr-prime (gr-maximal) ideal P of R, then .JI =  

2. Properties of Almost GR-Prime Ideals 

In the following Proposition, we can determine two properties of 
almost gr-prime ideals. 

Proposition 2.1. Let P be an almost gr-prime ideal of a graded ring 
R. Then 

1. If I is a graded ideal of R with ,PI ⊆  then IP  is an almost gr-

prime ideal of .IR  

2. If ( )RhS ⊆  is a multiplicatively closed subset of R with 

,φ=SP ∩  then PS 1−  is an almost gr-prime ideal of .1RS−  

Proof.1. Let Ir +1  and Ir +2  be two elements in ( )IRh  such that 

( +1r ) ( ) ( ) .2
2 IPIPIrI −∈+  Then ( )Rhrr ∈21,  with 

−∈+ IPIrr 21  ( ) .2 IIP +  So, Prr ∈21  and IPrr +∉ 2
21  and, then 

.2
21 Prr ∉  Since P is almost gr-prime, then Pr ∈1  or Pr ∈2  and 

therefore, ∈+ Ir1  IP  or .2 IPIr ∈+  Thus, IP  is an almost gr-

prime ideal. 

2. Let ( )RShs
r

s
r 1

2
2

1
1 , −∈  with ( ).. 211

2
2

1
1 PSPSs

r
s
r −− −∈  Then there 

exist Pb ∈  and Ss ∈  such that s
b

ss
rr

=
21
21  and, then there exists Su ∈  

such that .2121 Pbsusrusr ∈=  Moreover, 2
21 Prwr ∉  for any Sw ∈  and 

so .2
21 PPrusr −∈  Since P is almost gr-prime, then either Pusr ∈1  or 

.2 Pr ∈  Consequently, either PSs
r 1
1
1 −∈  or PSs

r 1
2
2 −∈  which implies 

that PS 1−  is almost gr-prime. 
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Remark 2.2. By the previous proposition, if P is an almost gr-prime 

ideal of R, then PS 1−  is an almost gr-prime ideal of .1RS−  However, 

PRPS ≠− ∩1  in general. For example, let ,5 1066 RRZZR +=⊕=  

then R is -2Z graded ring with 01 R∈  and let { }.0=P  Then P is an 

almost gr-prime ideal of R and so { }011 −− = SPS  is almost gr-prime in 

,1RS−  where { }54,52,5,4,2,1=S  is a multiplicatively closed 

subset of R. However, 

{ } { } .53,3,00:1 PSssomeforxsRxRPS ≠=∈=∈=− ∩  

Recall that if A and B are two sets, then ( ) ( ) ( ) ×−=×−× 22 AABABA  

.B  

Proposition 2.3. Let 1R  and 2R  be two graded rings. A graded ideal 

A of 21 RR ×  is almost gr-prime if and only if A has one of the following 

forms: 

1. ,21 RPA ×=  where 1P  is an almost gr-prime ideal in .1R  

2. ,21 PRA ×=  where 2P  is an almost gr-prime ideal in .2R  

3. ,JIA ×=  where I and J are both idempotent graded ideals in 1R  

and 2R  respectively. 

Proof. 

) :⇒  Suppose that A is almost gr-prime in .21 RR ×  Let ×= 1PA  

2R  for some graded ideal 1P  of .1R  Let ( )1, Rhba ∈  such that 1Pab ∈  

.2
1P−  Then 

( ) ( ) ( ) ( ) ( ) .1,1, 2
21212

2
11 RPRPRPPba ×−×=×−∈  

Since 21 RP ×  is almost gr-prime, then ( ) 211, RPa ×∈  or ( ) ×∈ 11, Pb  

.2R  Therefore, either 1Pa ∈  or 1Pb ∈  and 1P  is almost gr-prime. 
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Similarly, if 21 PRA ×=  for some graded ideal 2P  of ,2R  then 2P  is also 

almost gr-prime. Finally, suppose that JIA ×=  for some proper graded 

ideals I and J of 1R  and 2R  respectively. Let ( ( )) .2IRhIa −∈ ∩  Since 

( ) ( ) (( ) ) ( ( )),2222 JJIJIIJIJIAA −××−=×−×=− ∪  

then ( ) ( ) ( ) 20,0,11, AAaa −∈=  and so either ( ) Aa ∈1,  or ( ) .0,1 A∈  
Thus, either J∈1  or I∈1  and this contradicts that I and J are proper. 

Therefore, 2II =  is idempotent in .1R  Similarly, J is idempotent in .2R   

) :⇐  Suppose that ,21 RPA ×=  where 1P  is an almost gr-prime 

ideal in .1R  Let ( ) ( ) ( ) ( ) .,, 2
21212121 RPRPttrr ×−×∈  Then ( ,11tr  

) ( ) 2
2

1122 RPPtr ×−∈  and so .2
1111 PPtr −∈  Since 1P  is almost gr-prime 

in 1R  and ( ),11 Rhtr ∈  then either 11 Pr ∈  or 11 Pt ∈  and therefore, 
either ( ) 2121, RPrr ×∈  or ( ) ., 2121 RPtt ×∈  Similarly, if ,21 PRA ×=  
where 2P  is almost gr-prime in ,2R  then A is almost gr-prime in 

.21 RR ×  Now, suppose that ,JIA ×=  where I and J are idempotent 

graded ideals in 1R  and 2R  respectively. Then 2A  is idempotent and so 
A is almost gr-prime in .21 RR ×  

Recall that an ideal I of a graded ring R is called gr-principal if 
aI =  for some ( ).Rha ∈  Recall also that If I and J are two graded 

ideals in a graded ring R, then the ideal ( ) { }JxIRxIJ ⊆∈= ::  is a 
graded ideal, see [6]. In the following lemma, we can justify a condition 
under which a gr-principal ideal is gr-prime in a graded ring. 

Lemma 2.4. Let R be a graded ring and let ( )Rha ∈≠0  be non unit 

in R. If a  is almost gr-prime with ( ) ,:0 aa ⊆  then a  is a gr-prime 

ideal of R. 

Proof. Suppose a  is not gr-prime. Then there exist ( )Rhyx ∈,  

such that axy ∈  but ax ∉  and .ay ∉  If ,2axy ∉  then ax ∈  

or ay ∈  since a  is almost gr-prime, which is a contradiction. Thus, 
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2axy ∈  and so ( ) .aayx ∈+  If ( ) ,2aayx ∉+  then we have ax ∈  

or .aay ∈+  Again in both cases we have a contradiction. Therefore, 

( ) 2aayx ∈+  and since ,2axy ∈  we get .2axa ∈  Hence, 2raxa =  

for some Rr ∈  and, then ( ) .0=− arxa  Since ( ) ,:0 aa ⊆  we get −x  

aar ∈  and so ,ax ∈  a contradiction. It follows that a  is a gr-prime 

ideal of R. 

Recall that if I is a graded ideal of a graded ring R, then an element 
( )Rha ∈  is called a zero divisor on IR  if there is ( ) IRhb −∈  such 

that .Iab ∈  Recall also that a graded ideal I of a graded ring R is called 

gr-invertible if there is a graded ideal J of R (denoted by 1−I ) with 
.RIJ =   

Proposition 2.5. Let P be an n-almost gr-prime ideal in a graded 
ring R. 

1. If ( )Rha ∈  is a zero divisor on ,PR  then either Pa ∈  or 

.nPaP ⊆  

2. If J is a graded ideal consists of zero divisors on PR  and ,PJ ⊆  

then .1 nn PJP =−  

3. If P is gr-invertible, then P is gr-prime. 

Proof. 1. Since a is a zero divisor on ,PR  then there is 

( ) PRhb −∈  such that .Pab ∈  Suppose that .Pa ∉  Since P is an n-

almost gr-prime ideal, then .nPab ∈  Also, for any ( ),RhPx ∩∈  we 

have Pbx ∉+  and ( ) .Pbxa ∈+  Therefore, ( ) ,nPbxa ∈+  since P is n-

almost gr-prime and so nPax ∈  as .nPab ∈  It follows that .nPaP ⊆  

Indeed, if ,Pz ∈  then ,
1

i
k

i
xz ∑

=
=  where ( ) PRhxi ∩∈  for ki ,,2,1 …=  

and, then =az  .
1

n
i

k

i
Pax ∈∑

=
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2. Let Ja ∈  and .1−∈ nPb  It is enough to prove that .nPab ∈  

Since a is a zero divisor on ,PR  then by (1) either Pa ∈  or .nPaP ⊆  

If ,Pa ∈  then we are done. If ,nPaP ⊆  then .1 nn PaPaPab ⊆⊆∈ −  

3. Suppose that there exist ( )Rhyx ∈,  such that Pxy ∈  but Px ∉  

and .Py ∉  Then y is a zero divisor on PR  and so .nPyP ⊆  Since P is 

gr-invertible, then 1−P  exists and 11 −− ⊆ PPyPP n  and so .1−⊆ nPyR  

Therefore, ,1 PPy n ⊆∈ −  a contradiction. So, P is a gr-prime ideal in R.  

If R is a graded ring and ( ),Rha ∈  then similar to the non graded 

case, one can apply Zorn’s lemma to prove that a is a unit in R if and only 
if Ma ∉  for any gr–maximal ideal M of R. 

Proposition 2.6. Let R be a gr-local ring with unique gr-maximal 

ideal M and let I be a graded ideal of R with .2 MIM ⊆⊆  Then I is 

almost gr-prime if and only if .22 IM =  

Proof. ( ) :⇒  Suppose that I is almost gr-prime. Let 

( )., RhMyx ∩∈  We prove that .2Ixy ∈  Suppose that .2Ixy ∉  Since 

IMxy ⊆∈ 2  and I is almost gr-prime, then either Ix ∈  or .Iy ∈  Let 

,Ix ∈  then Iy ∉  since otherwise .2Ixy ∈  Now, IMy ⊆∈ 22  and so 

y is a zero divisor on .IR  Hence, by Proposition 2.5, .2IyIxy ⊆∈  

Therefore, ( )( ) 22 IRhM ⊆∩  and so clearly .22 IM ⊆  The other 

inclusion is obvious. 

( ) :⇐  Suppose that .22 IM =  Let ( )Rhyx ∈,  with .2IIxy −∈  If 

,Mx ∉  then x is a unit in R and so .Iy ∈  Similarly, if ,My ∉  then 

.Ix ∈  If ,, Myx ∈  then 22 IMxy =∈  which is not true. So, in each 

case I is an almost gr-prime ideal of R. 
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A graded ideal I of a graded ring R is called gr-multiplication in R if 
whenever J is a graded ideal of R with ,IJ ⊆  then there is a graded 
ideal K of R such that .KIJ =  Clearly, any gr-principal ideal of a graded 
ring is gr-multiplication. The following lemma can be considered as the 
graded version of Nakayama’s lemma. 

Lemma 2.7. If I is a gr-multiplication ideal of a graded ring R and A 

( ),RJ g⊆  then IAI =  implies that .0=I  

Proof. See [3]. 

Lemma 2.8. Let R be a gr-local ring with unique gr-maximal ideal M. 

If every proper gr-principal ideal in R is almost gr-prime, then .02 =M  

Proof. It is enough to prove that ( ) .02 =Mh  Let ( ) { }.0, −∈ Mhyx  

Consider the gr-principal ideal xy  of R. If ,0≠xy  then by assumption 

xy  is almost gr-prime with .xyxy ∈  Thus, either xyyxyx ∈∈ ,  or 

.2xyxy ∈  If ,xyx ∈  then yxx =  and so 0=x  by Lemma 2.7. 

Similarly, if ,xyy ∈  we get .0=y  Finally, if ,2xyxy ∈  then =xy  
2xy  and so again by Lemma 2.7, .0=xy  Therefore, in any case, we 

get a contradiction to the assumption that { }.0,, ∉xyyx  Hence, 0=xy  

and ( ) .02 =Mh  

Lemma 2.9. Let R be a graded ring in which every proper gr-

principal ideal is almost gr-prime. Then for all ( ),Rha ∈  we have 2a  

.3a=  Moreover, ea =2  for some idempotent element ( ).Rhe ∈  

Proof. Let M be a gr-maximal ideal of R. By Proposition 2.1, every 

proper gr-principal ideal of g
MR  is almost gr-prime and so 

g
M

g
M RRM 02 =  by Lemma 2.8. Let ( ).Rha ∈  If ,Ma ∈  then 

g
MRMa 22

1 ∈  and so .01
2 g

MRa =  If ,Ma ∉  then 1
a  is a unit in 
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.g
MR  In both cases, 2

1
a  3

1
a=  and so g

M
g
M RaRa 32 =  for every 

gr-maximal ideal M of R. Hence, .32 aa =  For the other part, 
32 aa =  implies that 2a  4a=  and so 42 baa =  for some .Rb ∈  

Thus, === 422 abbae  ( ) 222 eba =  is idempotent. Moreover, 
242 abaea ==  and then 2a  .2ae ⊆⊆  It follows that .2 ea =  

Definition 2.10. A graded ring R is called gr-regular if for every 
( ),Rha ∈  there exists Rx ∈  satisfying .axaa =  

Recall that a graded ring R is called gr-field if every nonzero 
homogeneous element in R is a unit. Eqivalentely, R is gr-field if and 
only if R has no proper graded ideals if and only if 0 is a gr-maximal ideal 
in R. 

Similar to the non graded case, we can see the following 
characterization of gr-regular rings. 

Lemma 2.11. The following are equivalent for a graded ring R. 

1. R is a gr-regular ring. 

2. g
MR  is a gr-field for each gr-maximal ideal M of R. 

3. Every graded ideal of R is idempotent. 

Proof. ( ) :.2.1 ⇒  Let M be a gr-maximal ideal of R. We prove that 

=g
MMR  .0 g

MR  Let ( ).RhMa ∩∈  Then there exists Rx ∈  such that 

axaa =  and so ( ) 22 eaxaxaxaxe ====  is an idempotent element in 

M. Therefore, ( ) 01 =−ee  and .1 Me ∉−  Hence, 1
0

1 =e  and then 

11
eaa =  .1

0
11 == ae  Thus, ( )( ) g

M
g
M RRRhM 0=∩  and then 

.0 g
M

g
M RMR =   
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( ) :.3.2 ⇒  Let I be a graded ideal in R. Let M be a gr-maximal ideal 

in R. Then g
M

g
M RIR 0=  or g

M
g
M RIR =  since g

MR  is a field. Therefore, 
g
M

g
M IRRI =2  for each gr-maximal ideal M of R and then .2 II =  

( ) :.1.3 ⇒  Let ( ).Rha ∈  Then 2aa =  and so raa 2=  for some 

.Rr ∈  Hence, araa =  and R is gr-regular. 

 Remark 2.12. If nZn
RR

∈
⊕=  is a -Z graded ring and R is a field, 

then by [5], R is concentrated in .0R  This means that 0RR =  and 

0=nR  for all .0 Zn ∈≠  Moreover, If M is gr-maximal ideal in R, then 
one can see that 

"" ⊕⊕⊕⊕⊕⊕= −− 21012 RRMRRM  

for some maximal ideal 0M  of ,0R  see [5]. Therefore, in this case R is a 

gr-regular if and only if g
MR  is a field for each gr-maximal ideal M of R. 

Recall that if R is gr-indecomposable, then 0 and 1 are the only 
idempotent elements in R. Indeed, if e is idempotent in R, then ≅R  

.1 ee −×  In the next main Theorem, we give a characterization of 
graded rings in which every proper graded ideal is almost gr-prime. First, 
we need the following definition and lemma.  

Definition 2.13. Let R be a graded ring. The gr-nilradical of R 

(denoted by ( )Rnilg ) is defined as 

( ) { ( ) }.0: N∈=∈= nsomeforxRhxRnil ng  

Similar to the non graded case one can prove that 

( ) { }.-: RinprimegrisPPRnilg ∩=  

Lemma 2.14. Let R be a graded ring. If M is the set of homogeneous 

nonunit element in R which is contained in ( ),Rnilg  then M is a graded 

ideal of R. Moreover, R is gr-local with M as the unique gr-maximal ideal. 
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Proof. Since ( )RnilM g⊆  and 1 is a unit, then clearly M is a proper 

ideal of R. Moreover, M is graded since ( ).RhM ⊆  Since ,0 M∈  then 0 

is nonunit of R and so .10 ≠  Thus R is not trivial and so it has at least 
one gr-maximal ideal. Let I be one such. Then I contains only nonunit 
elements and so, .RMI ⊂⊆  Hence, MI =  since I is gr-maximal. 
Therefore, M is the unique gr-maximal ideal of R and R is gr-local. 

Theorem 2.15. Let R be a graded ring. The following are equivalent. 

1. Every proper graded ideal of R is almost gr-prime. 

2. Every proper gr-principal ideal of R is almost gr-prime. 

3. R is either gr-regular or gr-local with ,02 =M  where M is the gr-
maximal ideal of R. 

Proof. ( ) :.2.1 ⇒  Trivial. 

( ) :.3.2 ⇒  We first assume that R is gr-indecomposable. Then by 

Lemma 2.9, ea =2  for some idempotent e in R and so 02 =a  or 

.12 =a  If a is a unit, then .12 =a  Thus, 02 =a  for any nonunit a in R 

and so the set of homogeneous nonunits of R is contained in ( )Rnilg  and 

so it is a graded ideal of R and R is gr-local by Lemma 2.14. Therefore, 

02 =M  by Lemma 2.8. Next we assume that R is gr-decomposable, say, 
.21 RRR ×=  We prove that R is gr-regular. Clearly, if 1R  and 2R  are 

gr-regular, then R is so. Suppose that 2R  is not gr-regular. Then by 

Lemma 2.11, it has a non idempotent graded ideal I. Consider the graded 

ideal I×0  of R. Let .2IIr −∈  Then ( ) ( ) ( ) −×∈= Irr 0,01,0,1  

( )20 I×  and so either ( ) Ir ×∈ 0,1  or ( ) I×∈ 01,0  since I×0  is almost 

gr-prime in R. But, neither ( )r,1  nor ( )1,0  belong to I×0  and we get a 

contradiction. Therefore, 2R  is gr-regular. Similarly, we can see that 1R  

is gr-regular and hence R is gr-regular. 
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( ) :.1.3 ⇒  Suppose that R is gr-local with .02 =M  Let I be a proper 

graded ideal of R. Let ( )Rhba ∈,  such that { }.0−∈ Iab  Since 02 =M  
and ,0≠ab  then either Ma ∉  or .Mb ∉  If ,Ma ∉  then a is a unit 

and so ( ) .1 Iabab ∈= −  Similarly, if ,Mb ∉  then .Ia ∈  Therefore, I is 
an almost gr-prime ideal of R. On the other hand, if R is gr-regular, then 
any proper graded ideal in R is idempotent by Lemma 2.11 and hence it 
is almost gr-prime. 

3. Further Properties of Almost GR-Prime Ideals 

In this section we introduce some definitions, and then we determine 
four properties of almost gr-prime ideals. 

Definition 3.1. Let gGg
RR

∈
⊕=  be a G-graded ring, where G is an 

abelian group. Then R is said to be Noetherian graded ring if the graded 
ideals in R satisfy the ascending chain condition. 

Definition 3.2. A commutative G-graded ring R is said to be 
valuation graded ring if for any ( )Rhba ∈,  either a divides b or b 

divides a, that is either cab =  for some ( )Rhc ∈  or dba =  for some 

( ).Rhd ∈  

Definition 3.3. A commutative G-graded ring R is called a graded 
domain if ,1 eR∈  where e is the identity element in G, and whenever 

( )Rha ∈  with ,0≠a  then 0=ab  if and only if .0=b  

Lemma 3.4. Let R be a graded domain and let ( )Rhc ∈≠ 0  such 

that c is nonunit. If >< c  is not graded prime ideal, then there exists 

( ) ( )><−∈ chRhba,  with ,>∈< cab  but .>∉< ncab  

Proof. Let ( )Rhba ∈,  with >∈< cab  and >∉< ca  and .>∉< cb  

If ,>∉< ncab  we are done. So assume that ;>∈< ncab  then 

( ) >∈<+ − ccba n 1  and ( )., 1 ><∉+ − chcba n  If ( ) ,1 >∈<+ − nn ccba  

then ,1 >∈<− nn cac  and this implies that nn dcac =−1  for some 
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( ),Rhd ∈  so ( ) 00 11 =−⇒=− −− nnn cdcadcac ,>∈<=⇒ cdca  
contradiction. 

Corollary 3.5. If >< c  is an n-almost graded prime ideal in a 
graded domain R, then >< c  is a graded prime ideal. 

Lemma 3.6. (Generalized Nakayama) If J is a graded ideal in a 
commutative graded ring R with identity, then the following conditions 
are equivalent 

(1) J is contained in every maximal graded ideal in R. 

(2) ej−1  is a unit for every .ee Jj ∈  

(3) If A is a finitely generated graded G-module over R such that 
,AJA =  then .0=A  

(4) If B is a graded submodule of a finitely generated graded G-
module A over R such that ,BJAA +=  then .BA =  

Proof. ( ) ( )21 ⇒  If ee Jj ∈  such that ej−1  is not a unit, then the 

graded ideal >−< ej1  is not R itself and by Zorn’s Lemma is contained 

in a maximal graded ideal .RM ≠  But Mje ∈−1  and Mje ∈  which 

implies that ,1 M∈  which is a contradiction. Therefore ej−1  is a unit. 

( ) ( )32 ⇒  Since A is finitely generated, there must be a minimal 

generating set { } ( ).,,, 21 AhaaaX n ⊆= …  If ,0≠A  then 01 ≠a  by 

minimality. Since ,AJA =  

,2211 nne ajajaja +++= …  

where ee Jj ∈  and ( )Jhji ∈  for all ,,,2 ni …=  whence 111 aa =  so 

that ( ) 01 1 =− aje  if 1=n  and 

( ) .1if1 221 >++=− najajaj nne …  

Since ej−1  is a unit in R, thus if ,1=n  then 01 =a  which is a 

contradiction. If ,1>n  then 1a  is a linear combination of .,,2 naa …  
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Consequently, { }naa ,,2 …  generates A, which contradicts the choice of 

X. Therefore .0=A  

( ) ( )43 ⇒  Consider the quotient graded module ,BA  then one can 

easily check that ( ) BABAJ =  whence 0=BA  and BA =  by (3). 

( ) ( )14 ⇒  Let M be any maximal graded ideal. The graded ideal 

MJRMJ +=+  contains M. But RMJR ≠+  (otherwise MR =  by 
(4)). Consequently, MMJR =+  by maximality. Therefore 

.MJRJ ⊆=   

Corollary 3.7. Let R be a Noetherian commutative graded ring with 
identity, and let I be a graded ideal in R such that I is contained in every 

maximal graded ideal in R, then { }.0
1

=
∞

=

n

n
I∩  

Proof. Let ,
1

n

n
IA ∩

∞

=
=  then A finitely generated graded module over 

R, since R is Noetherian and ,AIA =  then by Lemma 3.6 .0=A  

In a Noetherian graded domain R we have the following result. 

Theorem 3.8. Let R be a Noetherian graded domain, and let I be a 
graded ideal in R such that I is contained in every maximal graded ideal 
in R. Then I is a graded prime ideal if and only if I is an n-almost graded 
prime ideal for all .2≥n  

Proof. Let I be an n-almost graded prime ideal for all .2≥n  Let 

( )., Ihyx ∈  If nIxy ∉  for some n in ,+Z  then ( ) ( ).nIhIhxy −∈  Hence 

( )Ihx ∈  or ( ),Ihy ∈  since I is an n-almost graded prime ideal. If 

nIxy ∈  for all ,1≥n  then .
1

n

n
IJxy ∩

∞

=
=∈  Since R is a Noetherian 

graded domain, then by Corollary 3.7, { }.0=J  Thus 0=xy  implies =x  

I∈0  or ,0 Iy ∈=  since R is a graded domain.  
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Conversely, if I is a graded prime ideal, then one can easily check 
that I is an n-almost graded prime ideal for all .2≥n  

Definition 3.9. A commutative graded ring R is said to be valuation 
graded ring, if for any ( )Rhba ∈,  either a divides b or b divides a. 

In a valuation graded domain V, we have the following result about 
almost graded prime ideals. 

Theorem 3.10. Let V be a valuation graded domain. Then a graded 
ideal I of V is almost graded prime if and only if it is a graded prime 
ideal. 

Proof. Let ( )Vhyx ∈,  with .Ixy ∈  Assume that ( )., Ihyx ∉  Since 
xIx ,∉  divides a for all ( ),Iha ∈  which implies that ,>⊆< xI  

similarly .>⊆< yI  Thus .2Ixy >⊇<  If ,2 >≠< xyI  then ( ) −∈ Ihxy  

( ).2Ih  Since I is almost, Ix ∈  or ,Iy ∈  a contradiction. 

So assume .2Ixy >=<  Then I being a factor of a graded principle 
ideal is graded principle. Thus by Corollary 3.5, I is a graded prime ideal. 
The converse is trivial for all graded rings R. 

Now we have the following main result for the local graded ring 
( )., MR  

Theorem 3.11. Let ( )MR,  be a local graded ring. Every proper 
graded ideal of R is a product of almost graded prime ideals if and only if 
either M is principle or  

(i) for each ( ) ( ) ;, 222 MxMhMhx >=<−∈  and  

(ii) { }.03 =M  

Proof. ( )⇒  Suppose M is not principle. Let I be a proper graded ideal 

of R which is a product of almost graded prime ideals with IM ⊂2  
.M⊂  Note that I is actually almost graded prime since I can not be a 

product of two proper graded ideals. Then by Proposition 2.6, .22 MI =  

Now for ( ) ( ),2MhMhx −∈  take ,2MxI +>=<  so .2 MIM ⊆⊂  
Then 
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( ) 422222 MMxxMxM +><+><⊆+><=  

32 Mx +><⊆  

.222 MMMx ⊆+><⊆  

Thus .22 >=< xM  Now we show that { }.03 =M  Consider ( ).:0 x  We 

have .2 >⊆< xM  If ( ) ,:0 2Mx ⊆  then ( ) >⊆< xx:0  where >< x  is 

almost graded prime ideal. By Lemma 2.4, >< x  is graded prime ideal 
which implies that ,Mx >=<  a contradiction. So assume that ( )x:0  

.2M⊆/  Let ( )( ) ( ).:0 2Mhxhy −∈  Since ( ) ,:0 Mx ⊆  then >=< 22 yM  

( ).:0 xy >⊂⊂<  Thus ( );:022 xMx ⊆∈  so 03 =x  and hence 2xM  

{ }.02 >=<= xx  Now let .3Mz >⊆<  Then ,2 ><>⊆< xMz  but 

{ }.022 =>⊆< xMxM  Hence { }.03 =M  

( )⇐  If M is principle, say ,>=< mM  for some ( ),Rhm ∈  then the 

only proper graded ideals of R are "" ,,,, 2 ><><>< kmmm  each of 

which is a product of graded prime ideals. 

Now assume that M is not principle and suppose (i) and (ii) hold. 

Then by (i), 2M  is principle and hence no proper graded ideal between 

{ }0  and ,2M  because if ,2MI ⊆  then { },032 ==⊆ MMMI  since 
2M  is a gr-multiplication graded ideal in R. So suppose MI ⊆  is a 

graded proper ideal with .2MI ⊆/  Let ( ) ( ),2MhIhx −∈  then >⊇< xI  

.22 Mx >=⊇<  

If ,2MI =  then I is a product of graded prime ideals. So assume that 

,2MI ⊃  we have ,Ix >⊂<  so ,222 IxM >⊆=<  but since ,MI ⊆  we 

have ,22 MI ⊆  hence .22 MI =  So by Proposition 2.6, I is almost 
graded prime ideal. 
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